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Abstract. We introduce in this paper normal twistor equations for differ- 
ential forms and study their solutions, the so-called normal conformal Killing 
forms. The twistor equations arise naturally from the canonical normal Cartan 
connection of conformal geometry. Reductions of its holonomy are related to 
solutions of the normal twistor equations. The case of decomposable normal 
conformal holonomy representations is discussed. A typical example with an 
irreducible holonomy representation are the so-called Fefferman spaces. We 
also apply our results to describe the geometry of solutions with conformal 
Killing spinors on Lorentzian spin manifolds. 
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1. Introduction 

A classical object of interest in differential geometry is conformal symmetry. 
Typical examples for conformal symmetry arise from the flow of Killing and con- 
formal Killing vector fields on a semi-Riemannian manifold. The notion of con- 
formal vector fields has a natural generalisation to differential forms and spinor 
fields, namely the so-called conformal Killing forms and spinors (cf. |Kas68| . 
IEc69l,|Fin67l, EEHi, CIcHHI, [EEnEHI, jSemOlQ . 

We want to introduce in this paper a special class of conformal Killing forms, 
which we call the normal conformal Killing forms (shortly: nc-Killing forms). These 
objects are solutions of certain twistor equations, which are conformally covariant, 
and moreover, they are subject to a normalisation condition. Their existence reflects 
a special part of the conformal symmetry for a metric (or conformal structure) on 
a semi-Riemannian manifold. 
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The normal twistor equations are induced by the canonical normal Cartan con- 
nection of conformal geometry. This canonical connection is a well-known object in 
conformal geometry (cf. |Kob72j V It lives on the principal fibre bundle, which has 
a parabolic subgroup of the Mobius group as structure group. Thereby, the para- 
bolic subgroup consists of those conformal transformations of the conformally flat 
model (Mobius space) , which fix the point at infinity. The normalisation condition 
for the normal conformal Cartan connection is expressed in form of the p-tensor 

1 / scaln \ 

which is a basic curvature tensor in conformal geometry (here given in terms of a 
metric g). 

The normal conformal Cartan connection can be naturally extended to a usual 
principal fibre bundle connection with the Mobius group as structure group. Using 
this extended normal conformal connection, the notion of normal holonomy of a 
conformal structure can be introduced. It is the structure group to which the 
normal conformal connection can be 'maximally' reduced. Since nc-Killing forms 
find its interpretation as parallel sections in certain tractor bundles with respect to 
the covariant derivative induced by the extended normal conformal connection, the 
existence of nc-Killing forms is apparently related to the holonomy group of the 
normal conformal connection. 

Similar as for the holonomy theory of the Levi-Civita connection in (semi)- 
Riemannian geometry, the holonomy of the normal conformal connection can be 
used for the characterisation of the underlying conformal geometry. It turns out in 
the course of our discussion that a decomposable normal conformal holonomy rep- 
resentation is related to the conformal Einstein condition on (semi)-Riemannian 
spaces furnished with classical geometric structures such as Sasaki structures, 
nearly-Kahler structures etc. In particular, it is possible to relate decomposabil- 
ity of the normal conformal holonomy representation to the existence of a certain 
product metric in the conformal class of a space. The irreducible holonomy repre- 
sentations forbid the conformal Einstein condition. A well-known example where 
this happens are the Fefferman spaces in Lorentzian geometry, which arise by con- 
struction from CR-geometries. The approach via the holonomy discussion of the 
normal conformal connection will allow us to derive a certain geometric description 
for conformal spaces admitting solutions of the normal twistor equations. In par- 
ticular, we will be able to give an improved geometric characterisation of conformal 
spin spaces admitting conformal Killing spinors (cf. |BLfl8j ). 

The road map for our investigations of nc-Killing forms and normal conformal 
holonomy is as follows. In the paragraphs [21 to 01 we develop the basic notions 
and facts for the construction of the canonical normal connection of conformal 
geometry and present finally the normal twistor equations for differential forms. In 
paragraph[3we derive integrability conditions in terms of curvature conditions for 
the existence of solutions. In paragraphJHlwe study solutions for nc-Killing forms on 
Einstein spaces (cf. Theorem^l. As we will see, this is a natural thing to do in view 
of the normality condition in form of the £i-tensor K. In paragraph [71 we discuss 
the simplest form of solutions, the decomposable twistors, and we will understand 
in paragraph [SI that the solutions on Einstein spaces are the basic building blocks, 
which appear for the decomposable case (Theorem [JJ. In paragraph [HI we discuss 
as a showcase the normal conformal holonomy representations and solutions of the 
twistor equations on 4-dimensional Riemannian and Lorentzian manifolds. Finally, 
we use our results to discuss the conformal Killing spinor equation on Lorentzian 
spin manifolds (cf. paragraph ^1 Theorem [Sj. 
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2. The representations 



Let R'"'* denote the (pseudo)-Euclidean space of signature (r, s) with dimension 
n = r + s. The Lie algebra of conformal KiUing vector fields on R^'^ is isomorphic to 
so{r + l,s + 1). We explain here the usual action of so(r + 1, s + 1) on the spaces of 
p-fornis A^_^_^ g_^_^ over |R''+i'*'+i in terms of 2-forms with respect to the irreducible 
parts of the subrepresentations belonging to the subalgebra so{r,s). The latter 
one is the Lie algebra of the special orthogonal group SO(r, s), which is isomorphic 
to the set of Killing vector fields on R^'^ having a zero at the origin, i.e., these 
are generators of orthogonal rotations. In the following, we denote by b and ji 
the mappings between R'"'* and its dual R'"'"*, which are naturally induced via the 
metric product (•, •) on IR'"'". Moreover, we denote by e = (ei, . . . , e„) the standard 
orthonormal basis in R'''^ such that Si := (e^, e^) = —1 for i < r + 1. 

The space of 2-forms on R'"'" is naturally isomorphic to so(r, s) via the mapping 

i : A^g -^ so(r, s) C g[(n) . 

UJ H^ { X 1-^ {x J Uj)* ) 

The natural action of A^ ^ on a G A^ ^ is then given by 

e\ Ae^j oa == -e\ A (e^- J a) + e^- A (e^ J a) 
= Cj J {e\ Aa) - ei J (e|^- A a) . 

The Lie algebra so(r + 1, s + 1) of the group of conformal transformations on the 
conformal compactification space S''"'* of R'"'* (Mobius space of signature {r,s)) is 
|l|-graded: 

so{r + 1, s + 1) = g_ © go © fl+ , 

where g_ = R'''*, go — co (r,s) and g+ = R'''*^* (see their brackets below). To 
set up explicit identifications for these three subspaces, let (et, Cs, ei, . . . , e„) be an 
orthonormal frame of R''"'"^'®"'"-'^, where et is timelike, Cg spacelike and the e^'s are 
the basis of R'"'". We denote e_ = -trCcs — et) and e+ — -y^iss + et). Then we 
identify 

i : R'^^^ ^ g~ , i : R"^^^* ^ g+ , 

X ^ e^_A x^ y^ ^ e\_ A y^ 

L : R®so(r, s) -^ go . 

{l,u;) ^ I ■ e^_ A e^_^ + uj 

Besides the usual bracket on go ^ co(r, s), the non- vanishing Lie brackets are 

[uj,x] = {x J u})\ [u},y^]=yJu; and [x,y^] = {x,y) ■ e^_ A e^_^ + x^ A y\ 

where x G g-, y^ G g+ and lu G go. The brackets [g-,g-] and [g+,g+] all vanish. 
An arbitrary {p + l)-form a G A^^j^ g^-^_ on [R''+i''^+i decomposes into 

a = e_ A a- + ao + e_ A e^ A a^p + e_|_ A q:+ 

with uniquely determined forms a_,a+ G A^^, ao G A^+^ and aip G A^~^. This 
split sum is with respect to the decomposition of A^_^_^ ^^-^ into the irreducible 
submodulcs 



4 FELIPE LEITNER 

of the restricted action to so(r, s). The action of so(r + 1, s + 1) on A^^j^ ^^^-^_ with 
respect to this decomposition is given by 

eL A e,^ o a_ = 

e'L A e^ o ao = -e'L A (e^ J ag) 

e^ A e^ o azp = e^_ A e^ A a^ 

e'LAe^oa+ = e^ A a+ + e'L A e'^ A (e^ J a+) 

for e'L A e^ G fl-- For e^ A e^ G fl+ we have 

e^^Ae\oa- = e,^ A a_ - e^_ A e^ A (e^ J a^) 
e^ A e^ o ao == -e^ A (e, J ao) 
e^ A e^ o azp = -e^ A e^ A azp 



A e> a+ = 



and it is 



e_ A e+ o a = -e_ A a_ + e"^ A a+ . 
The action of co(r, s) on the components of a is the usual one. 

3. The normal conformal connection 

Let {AI"''^,g) be an oriented (pseudo)-Riemannian manifold, where 5 is a metric 
of signature (r, n — r). The metric g induces a conformal structure c := [g] on M"''', 
which is by definition the equivalence class of metrics, which differ from g only by 
multiplication with a positive function in C°^{M). Such a conformal structure on 
M is equivalently defined by a reduction of the general linear frame bundle GL{M) 
to a principal fibre bundle Go(M) with structure group CO(r, s) = IR+ x SO(r, s). 
The canonical form with values in R'"''* = g_ reduced to Go(M) is denoted by 9-. 
Moreover, the metric g gives rise to the Levi-Civita connection form w^c on Gq{M). 

The conformal structure c = [g] on Af is equivalently defined by a P-reduction 
P{M) of the second order frame bundle GL^'^''{M), where the structure group P is 
the parabolic subgroup of the Mobius group SO(r + 1, s + 1) with Lie algebra 

P :=0offi0i • 

The principal fibre bundle P{M) inherits an invariant canonical form 9 = 9^ + Oq 
from GL<-^^{M). Thereby, it is 

d9^ = [9^,9o] , 

i.e., the canonical form has no torsion (cf. (Kob72| . |CSS97| '). 

Now let iv be an arbitrary Cartan connection on P[M) with values in so{r + 
1, s + 1) = g_i © 00 ffi 01- Its curvature 2-form is defined by 

n = dcu + —[uj, Lo] 

and the corresponding curvature function with values in gl ® 0I ® is given in a 
point u e P{M) by 

v{u){x,y) -.^ n{uj^\.{x),u:^\j{y))(u), x,y e Q- . 

Since the map ad : Qq ^ &KQ-) i^ injective, the 0o-part 1^0 of the curvature function 
can be seen as function on P{M) with values in gl iS" 0!l (8> 0l (8> 0+. 

It is a well-known fact in conformal geometry that there exists a unique Cartan 
connection 

ojnc = ^-1 (BllJo Q)uJi 
on P{M) with the following properties (cf. |Kob72| . |USS97 p: 
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(1) It is 

Lu^i — 9^1 and cjo = ^o j 
i.e., the torsion of watc vanishes and 
(2) 

n 

tr{vo){x,y) := ^vo{ei,x){y){e\) = , x,y ^Q-, 

i=l 

i.e., the trace of the go-pa-rt of the curvature function is trivial. 

The so defined Cartan connection o^jvc on the reduced bundle P{M) is called the 
canonical normal Cartan connection of conformal geometry and is the basic object 
for all considerations in this paper. 

We want to describe the normal conformal Cartan connection lonc in terms of 
the metric g in the conformal class c. First, we notice that if tt : P{M) -^ Gq{M) 
denotes the natural projection then 9^ projects to the canonical form on Gq{M) C 
GL^^\M). Furthermore, the Go-cquivariant lifts a of Go(M) to P{M) correspond 
bijectively to the Weyl connections lo'^ on Go(M) by 



In particular, if a^ is the equivariant lift induced by the Levi-Civita connection 
w£(-^ then the go-part of ujnc is related to a;£p by a;£^ — a*9Q. It remains to 
determine the gi-part oiuNC with respect to g. This part must be calculated from 
the trace-free condition on the curvature function i^q and the result is 

Lui = — r o 9^1 , 

where the function T : P{M) -^ g*_i (g) gi is the puUback of the so-called p-tcnsor 
on {M,g), which is given by the expression 

Thereby, Ricg denotes the Ricci-tenor and scalg is the scalar curvature of 5. In 
short, we see that lonc is given with respect to g G c by 0_,, w£p and Kg. This 
description is invariant in the sense that for all g in c the connection lonc is de- 
termined by these data in the same way. This can explain the importance of the 
g-tcnsor in conformal geometry. It transforms naturally in the conformal class. 

However, there is a basic construction, which assigns to every Cartan connec- 
tion on a principal fibre bundle, a usual principal fibre bundle connection through 
extension. In our case of conformal Cartan geometry, this can be done as follows. 
Let 

m{M) ^ P{M) xp SO(r + 1, s + 1) 

be the extended bundle with structure group SO(r + 1, s + 1). We call this bundle 
the Mobius frame bundle. With respect to a metric g and the inclusion of so(r, s) 
in so(r -I- 1, s -I- 1) as described above, we can express this bundle also as 

m{M) = SO{M,g) Xso(r,s) SO(r + 1,5 + 1), 

where SO{M,g) is the orthonormal frame bundle to g on M. Then a local frame 
s — (si, . . . , s„) on M, which is a local section in SO{M, g), has a natural extension 
to a section Sc = (s_, s+, si, . . . , s„) in 9Jl(M). Thereby, the (sc)i's can be seen as 
tractors (sections) in T<xii{M) = A^(M) (see below). 

The Cartan connection uj^c can now be extended to a usual principal connection 
on 9Jl(M) by right translation on the fibres. We denote this normal conformal 
connection on Tl{M) also by ujnc = ^-1 © wq ® wi. We have already calculated 
the components of the connection lonc with respect to the metric g. Let s be a local 
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frame on (M, g) . Then we have the following expression for the local connection 
form on (M, g) : 



LONG o ds,{X) = p>_ A e^{Xf + LOLc o ds,{X) - e\ A e^{Kg{X)f 



X e TM , 



where (e_, e+, ei, . . . , e„) is the standard basis in |R'"+i^'^+i and 0_ is evaluated at 
s. The reason for using the extended approach for lunc is because, in the following, 
we would like to use the usual notion of holonomy for a connection on a principal 
fibre bundle. We denote the holonomy of conc on Tl{M) over the conformal space 
(M, c) with HoI{ujnc, c) (or just HoI{ujnc) if there is no ambiguity). 

Moreover, with the approach of principal connection forms we can introduce 
covariant derivatives to lonc on vector bundles with structure group SO(r + 1, s+ 1) 
associated to 9Jl(M) in the usual manner. In particular, luj^c induces derivatives 
V^*-^ on the Mobius p-form bundles (tractor bundles) defined as 

Ag,(M):=9Jt(M)x,A:;+i^,+i. 

With respect to the metric g these bundles split into sums of the usual p-form 
bundles on M: 

Ag+^(M) = AP{M) © AP+\M) © AP-^{M) © AP{M) . 

The covariant derivative V^*-^ acts on sections in these bundles with respect to the 
above splitting by the matrix expression 



^Tc 



I 



V 



vi^ 


-X ^ 


X^A 


\ 




( a-\ 


K(X)^K 


^ X 





X'A 




ao 


K{x)^ 





vi^ 


X J 




"t 





K{X)J 


K{X)^A 


vi^ J 




\a+ J 



Thereby, V^'-^ denotes the Levi-Civita connection. This expression is calculated 
straightforwardly from the local form of ujnc ^nd the formulae for the action of 

so(r + l,s + l) onAPll..^^. 

4. The twistor equations 

Let {M"-''^,g) be an oriented (pseudo)-Riemannian manifold and let Ay^ (M) 
be the associated bundle of {p + l)-forms to the principal fibre bundle dJl{M) with 
normal conformal covariant derivative V^"-^. We call a section a £ Q^ (M) a 
(normal) twistor iff V^^a = 0. The twistor a corresponds via the metric g to a 
set of differential forms on M"'*": 



a 



(a_,ao,Q;=p,a+) 



where a_,a+ G nP{M), an e nP+\M) and a^ e nP-^{M). The condition 
V^'-^a = is then equivalent to the set of conformally covariant equations given 

by 

(1) 

(2) 
(3) 
(4) 



V^^a_-A: J ao+X' Aa^ = 


= 


-K{X)^ A a_ + Vx^'aa + X^ Aa+ = 


= 


K(X) J a_ + Vi'^azp + X J a+ - 


= 


K{X) J ao + K{Xf A a=p + Vi'^a+ = 


= 
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We calculate from a_ of a given solution a the remaining differential forms in 
order to get equations for «_ only. It is 



d = ^ EiS ■ A Vf.'^ and d* = - ^ e,s, J V^ 



7LC 

^i^i i\ Vg. aiiu u ^ — 7 tiSi _i V 

the exterior differential resp. the codifferential with respect to a local orthonormal 
frame s. The equations (^ - 13} imply for a twistor a of degree p + 1 that 

da- — (p+l)ao, d*a- — {n — p + l)azf: 

1 " 
d*da- = (n — p)a-|_ — 2, Ei'Si J {K{si) Aa_) 

1 " 
dd*a- = — ??«+ — ^ e^Sj A {K{si) J a_) . 

For n ^ 2p the sum of the latter two equations results to 

1 / sea/ 1 ,* , 1 , ,* \ 

a+ = ■ ( — — -rct- H -d da- H -dd a_), 

which is 

1 ,„«„ seal . 

n — 2p 2{n — 1) 

where V*V denotes the Bochner-Laplacian. In the middle dimensional case n = 2p 

we have 

11 " 

a+ = - • [ {d*d - dd*)a- + Ve,, • is, J {K{sif A a„) - s- A [KisA J a_))] . 

n p + 1 -^ — ' 

i—l 

We observe that a_ = if and only if the twistor a is trivial. 

With the so derived expressions for the components of a twistor a we now for- 
mulate the normal twistor equations for a p-form a_ on a (pseudo)-Riemannian 
manifold (M"''',g). They are 

= Vi^a_ ^X J da- + ^^ X^ A d*a_ (5) 

^ p + 1 n-p+ 1 ^ ' 

= -X(X)^ Aa_ + ^— -V^"^da_ +X^ ADptt^ (6) 

= K{X) J a_ + ^- Vfd*a- +X J D„a_ (7) 

n — p+ 1 



1 _.„. . , 1 

whereby we set 



= -^K(X) J da- + -K(Xf A d*a- + Vi'^Dpa^ , (8) 



°'-;7^-<-2i^"'+'-^) """*'•' 



and 

1 r 1 



On/2 : = 



. [ (^d*d- dd*) +y2e, ■ {s, J {Kis,fA-)-slAiKisi)J •))] 

p+l ^ — ' 



In the following, we say that a p-form q;_ € ilP{M), which satisfies the (normal) 
twistor equations jSJ) - ©, is a normal conformal Killing p-form (or shortly a nc- 
Killing p-form). The conformal covariance of the equations implies that if a_ is a 
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nc-Killing p-form to g on M then the rescaled p-iorm 

is nc-Killing with respect to the conformally changed metric g = e"^"^ ■ g. 

However, the equations © - (|H1) are not only conformally covariant, but a further 
natural symmetry appears. Let * denote the Hodge-star operator on A* (M) defined 

by 

a_ A *q;_ = g{a-, a-)dM , 
where dM denotes the volume form of (Af"'"",!?). It is 

* * Iap = (-1)P("-P)+'- and d* = (_i)»(p-i)+'-+i ^d* . 
There is also a 'Hodge' operator ^jrr; on A^(M) defined in the same manner: 

a A *a)!a = can (a, a)dMf)ji , 

where dMgjt := — e'L A e^ A dM and can is the obvious SO(r + 1, s + l)-invariant 
scalar product on A^(Af). The operator *sg; is parallel: 

V *fffi = *OT V 

Therefore, if a is a (p -I- l)-twistor then *wa is a {n — p + l)-twistor. The twistor 
*5rnQ; corresponds to the set 

of differential forms. This shows that if a_ is a nc-Killing p-form then *a_ is a 
nc-Killing (n — p)-form. Indeed, with 

*{X J pP)^{-l)P+^X^ A*/3 and * (AT^ A /3P) = (-If X J * /3 , 

and since ^Dp = — n„_p* is anti-commuting, the normal twistor equations © - ® 
are seen to be ^-invariant as well. 

Finally, we remark that for a 1-form a_ , equation ((Sj) just means that the dual to 
a- is a conformal vector field. In general, solutions of IJHI are known as conformal 
Kilhng p- forms (cf. )Kas68j . jTac69| . [SemOlj ). Equation © is Hodge ^-invariant 
itself. The additional equations © - © then impose further conditions on a con- 
formal Killing p-form to be 'normal'. 

5. Curvature conditions 

We derive here integrability conditions for the existence of nc-Killing p-forms on 
a (pseudo)-Riemannian manifold {M^''^,g) in terms of curvature expressions. We 
denote by s = (si, . . . , s„) a local frame. Let 

R{X, Y)Z = Vx^yZ - Vy'^xZ - V[x.y]Z 

be the Ricmannian curvature tensor, where X,Y,Ze TM are tangent vectors. By 
contraction, we obtain 

n 

Ric{X) — y^ £i ■ R{X, Si)si, seal — tr{Ric) , 

i=l 

the Ricci tensor and the scalar curvature. The fl-tensor \s K ^ -^(^rr^^^ ~ Ric). 

^ 71—2 \ 2(n — 1) / 

The trace-free part of the Ricmannian curvature tensor is the Weyl tensor W, which 
can be expressed by 

W^R-g^K , 
where • denotes the Kulkarni-Nomizu product. Moreover, we have the Cotton- 
York tensor C, which is the anti-symmetrisation of the covariant derivative of the 
p-tensor: 

C{X,Y) := {VxK){Y) - {^yK){X) . 
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Furthermore, we find the Bach tensor 

n n 

B{X, Y) = Y,s^■ Vs.C(X, Y, s,) - ^ £. • W{K{s,), X, Y, s,), 



where C{X, Y, Z) := Cx{Y, Z) ^ giC{Y, Z),X). The Weyl tensor considered as a 
symmetric map on the space of 2-forms is conformally invariant. The Bach tensor 
is symmetric and divergence-free. Moreover, we have the Bianchi identities 



R{X, Y)Z + R{Y, Z)X + R{Z, X)Y = 0, 
VxR(Y, Z) + WyR{Z, X) + WzR(X, Y) = 

for all X,Y,Z e TM, which also imply 

Y,£^-Vs^W{X,Y,Z,s,) = {2,-n)-C(Z,X,Y) and ^e, • C(s„ s„X) = . 

The Kulkarni-Noniizu product g * K acts on 2-forins by 

g * Kis\ A s)) ^ s\ A K{s,)' - s) A K{s^i' . 

We calculate now the curvature of the normal conformal covariant derivative 
V^*-^ on A^ {^)- For this, let a — {a-,aQ,a^,a+) be a smooth section in 
A|+i(M). It is 

-X J {-K{Y)^ A a_ + V^^aa + Y^ A a+) 
+X^ A {K{Y) J a_ + Vyazp + Y J a+) 

(V^^V^^a)o = -K{Xf A (V^^a_ -Y J a^ + Y^ Aa^) 
+y^{-K{Yf A a_ + V^'^ao + Y^ A a+) 
+X^ A {K{Y) J ao + K{Y)^ Aa^ + V^^ a+) 

(V^'^V^'^a)zp = K{X) J {V^^a^-Y J ao + Y^ Aa^) 
+\7Jf{K{Y) J a_ + Vyazp + Y J a+) 
+X J {K{Y) J ao + K{YY a azp + V^'^a+) 

(V^^V^^a)+ = K{X) J i-K{Y)^ Aa^ + ^^^ao + Y^ Aa+) 
+K{Xf A {K{Y) J a_ + Vya^ + ^ -I "+) 
+W'i'^{K{Y) J ao + K{Yf Aa^ + V^^a+) 
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and we obtain 



(i?''(X,r)oa)_ = i?^'- (X, y) o a_ 

+ {X J (K{Yf Aa-)-Y J {K{Xf A a_)) 
+ {X^ A {K{Y) J a_) - r^ A (X(X) J a_)) 
= W{X,Y)oa^ 

{R^{X,Y)oa)o = VK(X,r)oao-C(X,r)^ Aa_ 



(i?^(X,r)oa)^ 
{R^{X,Y)oa)+ 



W{X, Y)oa^ + C'iX, Y) J a_ 

W{X, Y)oa+ + C{X, Y) J ao + C{X, Yf A a 



T ' 



i.e., the curvature takes the matrix form 



i?^- 



/ 



v 



w 

-C{X,Y)^A 

c(x,y) J 





w 








w 



\ 







c(x,r) J c{x,YyA w J 

As integrabihty condition for the existence of a twistor a we obtain 
W{X,Y)oa^ ^ 

W{X,Y)oao = C{X,Yf ha_ 

W{X,Y)°OL^ = -C(X,y)ja_ 

W{X,Y)oa+ = -C{X,Y) J ao-C{X,Yf Aa^ . 
By taking the divergence on both sides of these equations we get 
(n - 4) • Ct o a- = 

(n-4)-CToao = -B{Tf Aa_ 
(n - 4) • Ct o azp = B{T) J a_ 

(n - 4) • Ct o a+ = B{T) J ao + B(r)'' A a^ . 
The curvature conditions for the nc-KiUing p-forni a_ take the form: 



W{X,Y)oa^ 


= 




(9) 


W{X, Y) o da_ 


= (p+l)-C(X,y)^Aa_ 




(10) 


iy(X,r)od*a_ 


= -(n-p+l)C(X,r) J a_ 




(11) 


H^(X, Y) o n„a_ 


= ^ C{X,Y) J da^-- 


^ C{XXf ^d*a^ 


• (12) 



Of course, the sets of integrabihty conditions are conformaUy covariant and 
invariant under the Hodge ^-operator. 
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6. Normal conformal Killing p-forms on Einstein manifolds 

We consider in this paragraph solutions of the normal twistor equations © - 
(|5]) on Einstein manifolds. Before we start with this, we want to state a criterion 
when a space (M"''',(7) is conformally equivalent to an Einstein space, i.e., there is 
a metric g in the conformal class c = [5] , which satisfies 

scalh 



Ricg = zn± . g . 



n 



For this, let us assume that /_ = a_ is a nc-Killing function (= 0-form) without 
zeros. We have mentioned before that the rescaled function a_ — j-a_ = 1 is 
nc-Killing with respect to the metric g = jr ■ 9- From the twistor equations l(5j - 
(jHl, it follows immediately 

2n[n ~ 1) 

which means that g is Einstein. On the other hand, every constant function on an 
Einstein space is nc-Killing. The criterion then says that a metric is conformally 
Einstein (i.e., there is an Einstein metric in the conformal class [g]) if and only if 
there exists at least one nc-Killing function without zeros. 

Obviously, in case that /_ has a zero the rescaling in the way as above is not 
possible. Indeed, examples of nc-Killing functions on non-conformally Einstein 
spaces are well known (cf. KR96 ). However, since in general the set of zeros of 
nc-Killing forms is singular on the underlying conformal space, we can at least say 
that the existence of a nc-Killing function /_ implies that, up to singularities, an 
Einstein metric exists in the conformal class [g]. This is exactly the case when 
the holonomy group of the conformal connection lunc fixes at least one vector in 
ipr+i,s-i-i^ In case that this vector is lightlike the 'Einstein scaling' is Ricci-flat. The 
timelike case is for seal > 0, the spacelike when seal < 0. By the way, the normal 
twistor equations for a function /_ are in general equivalent to 

Hessif^) = f--K, and X(X)(/_) = Lxi^0^f.) 

for all X G TM, where Kq denotes the trace-free part of the g-tensor. 

Now we assume that (M"''',g) is a (pseudo)-Riemannian Einstein manifold. The 
constant functions are nc-Killing on Einstein manifolds. In particular, the 1-form 
o := s'L — 2(ra™i')n '^+' '^liich obviously satisfies the equations |^ - Q), is the normal 
twistor in nly^{M), which corresponds to the set of forms (1,0, 0, ~ 2(n'^iw )' ^■^■' 
o_ = 1 is the constant unit function. Furthermore, let 

a = s'L A a_ + ao + .s'L A s*^ A azp + s\_ A a+ 

be an arbitrary normal twistor of degree {p + 1) with da- ^ on M. It follows 
immediately that o A a is a (p -(- 2)-twistor. This twistor corresponds to the set 

seal —seal 

( "° ' '^ '"-*-+ 2(;73Ij;I"- ' 2(;73TV^"°) 

of differential forms, which shows that da- is a (closed) nc-Killing (p + l)-form. 
The {n — p — l)-form *da- is then nc-Killing and coclosed. 

In general, the set of twistor equations lO - (© reduces for a coclosed p-form /3_ 
on an Einstein space to 

1 

p+l 



WJfP- = -^-^ X J d/3_ 



n ■ (n — I) 
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which imphes Ap/3_ = — — „ (^^^A''^°7 3- for the Laplacian Ap = dd* +d*d. A differ- 
ential form that satisfies these two equations above (not only in the Einstein case) 
is called a special Killing p-form to the Killing constant — „ ,-„ j'j^? (cf. |Sem01j ). 
There is a nice way to describe the geometry of spaces with special Killing forms for 
a non-zero Killing constant using the cone construction. We explain this approach 
briefly as next. In a further step we show that we can extend this approach to 
describe all nc-Killing forms on Einstein spaces with non-zero scalar curvature as 
parallel forms on an 'ambient' metric. 

The cone metric with scaling b j^ is defined on the space IR+ x M as 

gj := bdt'^ + t^g . 

This metric has either signature (r, s + 1) or (r + 1, s). We have the following result 
for special Killing forms. 

Proposition 1. (cf. |Sem01| ) Let {M"'^',g) be a (pseudo)-Riemannian manifold 
and Ml, its cone with metric % to the constant b ~ seal t^ ^' Then the special 
Killing p-forms on Af"''' with Killing constant — „.f„„2r correspond bijectively to 
the parallel {p + l)-forms on the cone M^. The correspondence is given by 

13- e ^P{M) ^ tPdt AI3-+ ^'9n{b)-tP+ ^^^ ^ nP+\Mt) . 

p+ 1 

However, the metric gt on IR"|_ x M of signature (r + 1, s + 1) in dimension n + 2 
defined by 

gb := b{dt'^ - ds^) + t^ ■ g 
is appropriate to describe all normal twistors on Einstein spaces {Ric ^ 0) as 
parallel forms. 

Proposition 2. Let (Af"''',^) be an Einstein space and {Mh,gb) its ambient metric 
with b = ~ai 7^ 0. There is a natural and bijective correspondence between 
normal twistors a G fl^ (A/) and parallel forms a £ flP'^^{Mb). Moreover, the 
holonomy groups of the normal conformal connection and the Levi-Civita connection 
on Mb coincide, i.e., 

HoI{lunc,c) ^Hol{uo%) . 

Proof. We prove the statement that the holonomies coincide. For this, we 
embed M in Mb hy i : M ^ M x {{1,1)}. The 1-twistor on M which defines the 
Einstein structure is s_ — 2i^-\:)n ^\- ^^^t ^^ define an isometric map between the 
tangent tractors on M and the tangent vectors at i{M) C Mb by assigning 

Si -^ Si e TMb\Mx{{l,l)} 

seal ^b \ . / 1 






It can be easily calculated that the resulting bundle isomorphism between dJl{M) 
and SO{Mb)\Mx{{i,i)} has the property i*ujf^c ~ '^nc, i-e., the connection forms 
are identified in this way. Moreover, all elements in the holonomy of the metric 
g are generated by the horizontal lifts of paths which move solely on the level set 
Ai^ X {(1, 1)}. This shows that HoI{ujnc, c) = Hol{uj%). 

The above map between the tangent tractors on M and the vectors on Mb also 
provides the correspondence between the normal twistors on M and the parallel 
forms on the ambient space Mb. □ 
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In particular, one can see from Proposition [5] that every nc-Killing form on 
an Einstein space with non-zero scalar curvature is the sum of a closed and a 
coclosed nc-Killing form. The holonomy groups of the Levi-Civita connections 
on the cone Mf, and the ambient Mh are obviously identical, which also means 

HoI{lonc) = Hol{Jj^c)- 

In the Riemannian case a geometric characterisation of complete spaces (Af", g) 
with positive scalar curvature admitting special Killing forms was established by us- 
ing the above correspondence with the cone and the holonomy classification for sim- 
ply connected, irreducible and non- locally symmetric spaces (of. |Bar93j . |Sem01j ). 
Thereby, we remember to the fact that if the holonomy of a Riemannian cone M;,, 
6 > 0, over a complete Riemannian space M is reducible then the cone is automat- 
ically flat. However, it is not difhcult to extend the geometric characterisation to 
non-complete spaces with special Killing forms when the cone is reducible, but not 
flat. In this case the metric g on M turns out to be (locally) a certain warped- 
product. Combining Proposition Q] and [21 results to the following. 

Theorem 1. a) Let {M",g) be a simply connected and complete Riemannian Ein- 
stein space of positive scalar curvature admitting a nc-Killing p-form. Then M" is 
either 

(1) the round (conformally flat) sphere S"' , 

(2) an Einstein- Sasaki manifold of odd dimension n > 5 with a special Killing 
1-form a_, 

(3) an Einstein- 3- Sasaki space of dimension n = Am -|- 3 > 7 with three inde- 
pendent special Killing 1- forms a^__, a^_ and a'^_, 

(4) a nearly Kdhler manifold of dimension 6, where the Kdhler form uj^ is a 
special Killing 2- form or 

(5) a nearly parallel G2-manifold in dimension 7 with its fundamental form 7_ 
as special Killing 3-form. 

b) If the space M" is not complete and the cone reducible then the metric g has up 
to a constant scaling factor (locally) the form 

dt^ -f sin^(i) • k + cos^(t) • h , 

where k^ and W^ are arbitrary Riemannian Einstein metrics of positive scalar cur- 
vature on spaces with dimension p resp. q (0 < q < n — I). The scaled volume 
forms 

sin~^ • dvolk and cos"'' ■ dvolh 

to k and h are special Killing of degree p resp. q. 

Similarly, for nc-Killing forms on Riemannian Einstein spaces {M^,g) of nega- 
tive scalar curvature one has to consider the cone with Lorentzian metric (indefinite 
of signature (1, n)). In this case the Lorentzian cone either has weakly irreducible 
or decomposable holonomy. In both cases one can show that {M",g) admits (lo- 
cally) certain warped-product structures (cf. jBauSQI l. In general, there is no 
classification of possible holonomy groups of the Levi-Civita connection for pseudo- 
Riemannian spaces. This implicates the lack of a further geometric characterisation 
of pseudo- Riemannian Einstein spaces with nc-Killing forms. 

A parallel form on a Ricci-flat metric g is nc-Killing. The lightlike 1-twistor 
o — s_ gives rise to the constant nc-Killing function /_ = 1. The holonomy 
of the normal conformal connection to [g] will be weakly irreducible, in general. 
A reproduction of the normal conformal connection with its holonomy by some 
ambient metric with its Levi-Civita connection and the corresponding holonomy is 
not done here in the general situation. 
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Finally, we want to take a closer look on the warped-product structure in The- 
orem n for the case when the Riemannian cone is reducible and has one parallel 
vector P. Through the correspondence with the cone, the vector P can be seen to 
give rise to a function fp on {M'^,g), which satisfies the second order differential 
equation 

Vdfp = -^-g, 
c 

i.e., the vector grad{fp) is a conformal gradient field. It is well-known that the 
existence of a conformal gradient field gives rise to a (local) warped-product struc- 
ture on the Riemannian space M" (cf. |KR97p . In Theorem Q] this is the special 
case when the metric h oi k vanishes {p oi q = 0). Moreover, in case that fp or 
grad{fp) has a zero on an Einstein space its sectional curvature is constant. 

Furthermore, conformal gradient fields are known to generate conformal trans- 
formations between Einstein spaces (cf. |Bri25j . [KuESS]). This can be understood 
with our approach in the following way. The function fp on an Einstein space 
(M",(/) is a nc-Killing function (or special Killing function) and we mentioned al- 
ready above that the scaling of the metric 5 by a nc-Killing function without zeros 
gives rise to a conformal transformation to another Einstein metric. 

To summarise, an Einstein space (M'^,g) has always nc-Killing functions (the 
constant functions). In case that there is in addition a non-constant nc-Killing 
function /_ without zeros, whose corresponding twistor is a S r2^(M), we find a 
conformal transformation to a further Einstein metric g S [g\. In particular, the 
normal 2-twistor o A a corresponds to the conformal gradient field grad{f-), which 
gives rise to the warped product structure. More generally, a set of j 'independent' 
nc-Killing functions on an Einstein space M" induces j — 1 different conformal 
transformations to further Einstein metrics in [g] and j — 1 different ways of ex- 
pressing warped-product structures. In case that M" is the n-sphere 5", there is 
the constant nc-Killing function o_ on S*" and there are n -f 1 further 'indepen- 
dent' nc-Killing functions, each of them with an isolated zero on 5", which give 
rise to n + 1 conformal transformations to Einstein metrics with constant sectional 
curvature up to a singularity (stereographic projections). This is the conformally 
flat case, where the number of 'independent' nc-Killing functions on a space is the 
maximal one (i.e., n + 2). 

7. Solutions with decomposable twistors 

In this paragraph we want to investigate conformal spaces (M", [g]), which admit 
decomposable normal twistors 



a 



aiA---Aap+i G f7g+^(M) , 



i.e., the a^'s are 1-forms in fl^{M). The existence of such a twistor implies that the 
holonomy representation of the normal conformal connection lunc has an invariant 
(non-trivial) subspace in [R'"+^'*^+^. That means the representation is not irreducible. 
We remember that we studied in the previous paragraph, which was about Einstein 
metrics, the case of a 1-twistor. Of course, a 1-twistor is always decomposable. 

First we want to observe here an easy generation principle for coclosed nc-Killing 
forms from a given one. So let a_ be such a coclosed nc-Killing form on a space H 
of dimension p with Einstein metric h of scalar curvature scalh ■ Now we consider 
the product metric 

g = h X I , 

where I is a metric on a space L of dimension q, and we produce the puUback of 
a_ to M = H X L. Obviously, the first of the normal twistor equations (0 for the 
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puUback Q:_ on M is still satisfied, since for every Y £ TL 
Vya- ^Y J ao = y^ A azp = . 

Indeed, it is straightforward to show that if we choose I to be Einstein with scalar 
curvature 

scak = — • scaih , 

P{P- 1) 

then the three remaining normal twistor equations © - © are also satisfied for 
the puUback and we can conclude that we have produced a metric 5 on a space of 
dimension n = p + q admitting a cocloscd nc-Killing form. (If we choose for I a 
different scalar curvature then a_ is only a conformal Killing form on h x I. This 
shows that, of course, not every conformal Killing form is normal.) 

Next we formulate and prove a lemma which on the other side shows that certain 
conformal Killing forms give rise to a product metric in the conformal class of a 
space. 

Lemma 1. Let a_ be a conformal Killing p-form with ||a-lP j^ on a space 
{M^^g) satisfying the following three properties: 

(1) a_ is decomposable, i.e., a_ = a\ /\ . . . /\ a}p is a A-product of p 1-forms, 

(2) there is A e T{TM) such that da- == A^ A a_ and 

(3) there is B e r{TM) such that d*a- ^ B J a_. 

Then it exists a rescaled metric g in the conformal class [g\ such that the rescaled 
conformal Killing form ot- is parallel. In particular, if < p < n then g is (locally) 
a product metric h x I. 

Proof. First we observe that the three assumptions are invariant under confor- 
mal rescaling, e.g. it is d{e'^a-) = A" A e'^a- with A = dcj) + A. Moreover, since 
||a-|P ^ 0, we can scale the metric g such that a_ has constant non-zero length. 
For simplicity, we assume that g is already in this scaling. Then it is 

= X(.g(a_,a_)) = 2.g(Vxa_,a_) 

= 2.g( X J da- X^ Ad*a-,a-) . 

p + I n — p + 1 

But from the assumptions, we see that this is only possible ii A, B — 0, i.e., q;„ is 
closed and coclosed which means that it is parallel, since it is a conformal Killing 
form. Moreover, a_ is decomposable and this shows that g is (locally) a product 
h X I for the case when deg(a_) j^ 0,n. D 

This lemma generalises the well-known fact that a conformal vector field, which 
is hypersurface orthogonal, is parallel with respect to some metric in the conformal 
class. We also remark at this point that in general a conformal Killing p-form a_ 
is conformally equivalent to a parallel form for some metric g = e~^'^ ■ g in the 
conformal class if and only if 

da- = {p + I) ■ d(j) A a- and d*a- = —{n — p + I) ■ grad{(j)) J a- . 

This shows that A, B ^ in the above lemma are actually parallel vectors (if they 
exist). Moreover, for an (anti)-selfdual form the latter two equations are equivalent 
and this can be used to show that any (anti)-selfdual conformal Killing (n/2)-form 
a- with length function e'^ on a Riemannian space M" is parallel with respect to 
g = e-^^g (cf. I^JemOl p. 

Now we are prepared to consider nc-Killing forms a- with corresponding de- 
composable twistor. Let a be such a twistor of degree p + I. The first statement 
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that we can make says that the four corresponding differential forms q;_, aoi ck^ 
and a^ all are decomposable as well. For example, it is 

a- = s+ J (s_ J {s\_ A a)) 

and henceforth, a^ is obviously decomposable. But we can say even more. 

The twistor a has two different normal forms with respect to a fixed frame 

(s_, s+, si, . . . , s„). In the first case, it is s_ J (s+ J a) ~ and the corre- 
sponding normal form is given by 

a^{a-s^_^+b-s^_^ + c- t^+i) At\A...Atl , 

where the t^'s are orthogonal to each other and are contained in the span of the 
Si's, i =^ l,...,n, and a, 6 and c are some constants. In the second case, it is 
s I (s^ I a) 7^ and we have the normal form 

a = (a • s^ + 6 • 4 + c • ip+i) A {d ■ s^_^ + t^) At\ A . . . A t\,_^ . 

From these two normal forms we can see that for a twistor a there are vectors A, B 
such that 

da^ = A A Of- and d*a_ = B J a_ . 
Indeed, we can apply now Lemma^and obtain the following result. 

Lemma 2. Let a_ he a nc-Killing p-form on (AI,g) with ||a-|p ^ such that 
the corresponding normal twistor a is decomposable. Then there exists g in the 
conformal class [g\ such that the reseated form a_ is parallel. 

The parallel nc-Killing p-form that is guaranteed by Lemma[21is decomposable. 
If its degree is different from and n, it gives rise (locally) to a product metric 
ft, X Hn the conformal class [g]. Moreover, the normal twistor equations ^ and Q 
show that the factors h, I are Einstein and we can conclude that 5 is a product of 
Einstein metrics with 

(n-p) • (n-p- 1) 

scak = -. -T • scalh . 

p-(p-l) 

We also want to discuss the case when a_ is a lightlike nc-Killing form whose 
corresponding twistor is decomposable. We use the following convention. If a 
decomposable p-form 7 on R''''* is the A-product of lightlike 1-forms only, i.e., the 
corresponding subspace to 7 in IR'"'* is totally lightlike then we call the decomposable 
p-form totally lightlike (isotropic) as well. There is a version of Lemma^for totally 
lightlike p- forms. 

Lemma 3. Let a_ he a totally lightlike conformal Killing p-form on a space (M,g) 
with the following two properties: 

(1) There is A E T{TAI) such that da^ = A A a_ and 

(2) there is B £ r{TM) such that d*a- = B J a_. 

Then it exists (locally) a rescaled metric g in the conformal class [g] such that the 
reseated nc-Killing form a_ is parallel. In particular, the holonomy of the Levi- 
Civita connection to g is reducible with a fixed lightlike subspace. 

Proof. First, we show that we can assume a_ to be a closed form. This is for 
the following reason. The differential form da- is decomposable and closed. Hence, 
by Frobenius' there are (local) coordinates (xi, . . . ,Xn) such that da- = dxi A ... A 
dxp+i. Moreover, since a_ is decomposable we can choose these coordinates such 
that a_ = f -dxi A. . . Adxp, where / is a function in the a;i, . . . , Xp+i. By rescaling 
the metric with the function / we find that a_ = f~^a- is a closed nc-Killing 
form. 
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Now let a_ — li /\ . . . A Ip he a totally isotropic and closed conformal Killing 
form with d*a_ ~ t ■ li A . . . A Ip-i, where the Z,;'s are mutually orthogonal lightlike 
1-forms and t is some function. Then we calculate in an arbitrary point m G M: 

= ^(3(^1 J ... J Tp-i J a_,ri J ... J Ip-i J a-)) 
= 2 • ^([1 J ... J Ip^i J Vxa-Ji J ... J Ip-i J a_) 

= ' ^~'^' ■ g(tX\ L) for all X e UM , 
n — p+1 

where we have chosen lightlike 1-forms li with Vk (m) = and 

g-mikji) = 1 and gm{k,lj) =0 for i ^ j . 

But this is only possible for all X G TM if i = 0, i.e., d*a- = 0. Henceforth, a^ 
is parallel and totally isotropic. This proves the statements of the lemma. D 

Using this lemma and the normal form description for decomposable twistors 
with respect to some {s-,S-\.) leads us to the next result, which is for lightlike 
nc-Killing forms. 

Lemma 4. Let a_ be a totally isotropic nc-Killing p-form on [M, g) with decom- 
posable twistor. Then there is (at least locally) a metric g in the conformal class 
such that the resettled form Qf_ is parallel. 

We can say even more than stated in the lemma. With respect to the metric g, 
where a- is totally isotropic and parallel the corresponding twistor takes the form 

a^{s^_-\-a-s^_^)AliA...Alp 

for some constant a. However, if a 7^ then j3 = li A . . . Alp would be a twistor 
itself, since the totally lightlike subspace, which uniquely belongs to a, is parallel 
with respect to V^"-^. This is not possible, because the fact that /3 is a twistor 
means /3_ is zero and dj3- ^ 0. For this reason, the constant a must be zero 
(so that a is totally isotropic), which implies that the scalar curvature of 5 is zero. 
Furthermore, the twistor equations l(2Jl and Q show that the Ricci tensor of g maps 
into the totally lightlike subspace of the tangent space that corresponds to the nc- 
Killing form a_. Then the metric g has reducible holonomy with an invariant 
lightlike subspace (that is not dilated under the action). And the holonomy is 
possibly undecomposable (that is the generic case). The derived results so far sum 
up to the following proposition. 

Proposition 3. Let {M,c) be a simply connected conformal space and LIoIIlonc) 
the corresponding holonomy group of the normal conformal connection uj^c ■ The 
holonomy group L[oI{ujnc) fixes a decomposable (p -\- l)-form on R'+^'^+i (p = 
1, . . . ,n — 1) if and only if one of the following cases occurs. 

(1) There is a product h^ x Z"^ of Einstein metrics in c with 

scak = — • scalh . 

p(p - 1) 

If seal h ^ then HoI{ujnc) fixes a non- degenerate subspace and if scalh = 
then Hol(ujj^c) fi-xes a degenerate subspace of dimension p-\-l with exactly 
one lightlike direction. 

(2) There is g € c with totally isotropic Ricci tensor and parallel totally 
isotropic form. The group Hol(uJi^c) fi-xes a totally isotropic subspace (with- 
out dilation) of dimension at least 2. 
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In both cases of the proposition the holonomy representation |R''+i''*+i is re- 
ducible. A further possibihty for a reducible holonomy HoI{ujnc) is the case where 
a lightlike subspace is invariant, but dilated under the action. In this case the 
volume form to the invariant subspace is not fixed by the action of the holonomy, 
and therefore, does not give rise to a nc-Killing form, i.e.. Proposition |31 does not 
apply to this situation. 



8. A GEOMETRIC DESCRIPTION FOR SPACES WITH NC-KlLLING FORMS 

Here we want to apply the results developed in the two preceding paragraphs 
for conformal Einstein spaces and decomposable normal twistors to derive a certain 
geometric description for conformal structures (metrics) admitting nc-Killing forms 
in case that the normal conformal holonomy is decomposable. For this description 
the reducibility of the stabiliser Sa '■— Stab{a) of a twistor a to a given nc-Killing 
form a- is used to decompose the underlying conformal geometry. The correspond- 
ing '(weakly) irreducible' parts are the building blocks of solutions. In Theorem^ 
we discussed already examples for those 'irreducible' normal conformal geometries. 

Lemma 5. Let Holiujiqcic) he the normal conformal holonomy of a simply con- 
nected space {M,c). We assume that there is a product of Einstein metrics h^ x l"^ 
in c with scali — —^r^—p: ■ scalh ^ 0. Then it is 

Hol{ujNc,c) = Hol{ujNC, [h]) X HoI{ujnc, W) 

and the holonomy representation decomposes |R''+i''*+i in two non-degenerate sub- 
spaces Fi ® V2 • 

Proof. Over M we have the SO(r -H l,s -I- l)-bundle *H(M) with connection 
LONG- Let H and L denote the spaces where h and I live. We can pull back 
the bundles 97l(if) and 9Jt(L) with their normal connections to M to obtain a 
S0(7-i -I- 1, si -I- 1) X S0(r2 -|- 1, S2 + l)-bundle with connection uj. The structure 
group of the latter bundle sits in SO(r -I- 2, s -I- 2). We denote the corresponding 
extended principal fibre bundle with B{H,L). Since h and I are Einstein, the 
extended connection uj can be reduced to a subbundle T of B{H, L) with structure 
group SO(r-h l,s-hl). 

We define now a bundle embedding of VJl{M) in B{H,L). This embedding 
induces an isomorphism of the connection lonc smd the reduction of lo to the image 
of the embedding, which is just the bundle T. The map can be given with respect 
to a local frame (s_, s+, si, . . . , s„), which fits to the scaling g — h x I such that 
a = (si, . . . , Sp) spans TH and b ~ (sp+i, . . . , s„) spans TL, in the following way. 
Let 



■K 
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bi, i = p+l,.. .,n . 



These assignments define a map for the whole frame (s_, s+, si, . . . , s„) to 
B{H^ L) and after extension by right multiplication with SO(r -I- 1, s -I- 1) on the 
principal fibre bundles we obtain the desired bundle map. It is a straightforward 
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calculation to see that 

CONGO dsciX) = s^_AX^+LULcodsc{X)-s^_^AKg{X)^ 
a^_AX^+ujLC°dac{X)-a^_^AKh{X)^ 
+ b^_AX^ + UJLC ° dbc{X) - 6V ^ Ki{Xf 
= wo d{ac + bc){X) = Lo o dac{X) + tj o dbc{X) 

and this shows that HoI{ujnCi c) is the product of the normal conformal holononiies 
on [h] and [I]. The condition on the subrepresentations Vi and V2 to be non- 
degenerate is clear from Proposition |3| D 

The subspaces Vi and V2 in the lemma are naturally identified with the tangent 
spaces of the cones over h and I at every point via the mapping given in the proof. 
There is also a version of Lemma |21 when gr = /i x Z in c is a product of Ricci- 
flat metrics (i.e., g itself is Ricci-flat). In this case it still holds HoI{lunc,c) = 
Hol{uiNC, [h]) X Hol{uJNC, [I])- 

We extend now Proposition |3 to a generalised form to make a statement for the 
case when the holonomy representation decomposes into an arbitrary number of 
non-degenerate components: 

Indeed, then it is possible to decompose the conformal space into further parts and 
their normal conformal holonomies as well. However, by applying this method one 
must pay attention to the fact that all the scalings of the conformal structure when 
the metric on the base manifold becomes a product in the conformal class will be 
different ones, in general. Hence, the conformal structure is not just given by a 
simple product of several metrics. 

Proposition 4. Let (M, c) be a conformal space and let |R''+i'*+i = ©jVj be a 
decomposition of the representation of HoI(ujnc) into (weakly) irreducible submod- 
ules Vi with dimVi > 1 for all i. Then there exist (locally) metrics gi, which are 
Einstein with scalg. ^ of signature {ri, Si) and Hol{u)iqc^ [9i\) o,cts (weakly) irre- 
ducible on a subspace of codimension 1 in |R''i+i.^i+i. Moreover, there are functions 
(pi such that 

i 

The holonomy group HoI{ujnc) is equal to the product 

Hol{ujNc,c) = Hi Hol{ujNc, [gi]) ■ 

The statement of Proposition 0] also implies that the cone gi of every factor gi 
in the decomposition has (weakly) irreducible holonomy with respect to the Levi- 
Civita connection (since Vi can be identified with the tangent spaces of the cone gi 
at every point). 

Now we can consider the situation when a nc-Killing form a_ on a space (M , c) 
exists such that the stabiliser Sa of the corresponding twistor a in SO(r -I- 1, s -I- 1) 
acts decomposable on IR''+-'^''*+^. In general, we have the following decomposition. 

Lemma 6. Let a be a p-form on |R''+i'''+i with stabiliser Sa C SO(r + l,s + 1) 
and let 

be the decomposition of the Sa-module |R'"+i'''+i into (weakly) irreducible compo- 
nents (without dilation). Then there are unique p-forms Ui G hP{V°') for all i, 
which are stable under Sa such that a = ^^ a^. 
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Let ai ^ for some i as in Lemma with the property that Vf is (weakly) 
irreducible. Then we obtain a factor h in an appropriate scaled metric g — hxl G c, 
and the conformal structure [h] admits a nc-Killing form ai-, which comes from 
the twistor ai on V". Thereby, we identify Vf with the tangent space of the cone 
over h at every point. The puUback aj_ to the total space {M,g) is a nc-Killing 
form itself and it holds 



Y' A a,^ = 



-Vytti 



Y J aio = 



for aU Y JlTH 



That implies a^ip = and hence, ai- is coclosed for g. It is also coclosed on 
{H, h). We obtain the geometric characterisation in case that the normal conformal 
holonomy is decomposable (but the conformal structure not Einstein). 

Theorem 2. Let a_ be a nc-Killing form on {AI, c) and (BiVf^ (dimVf > 1) a 
decomposition of R^'^^'"'^^ with respect to the stabiliser Sa into (weakly) irreducible 
components and let c = [^^ e"^* ■ gi\ be a corresponding representation of the con- 
formal class (as in Proposition^. It is a_ — "^iCti- arid if the component ai on 
V" to the twistor a is non-trivial then ai- is a special Killing form for gi. 

We remember to the fact that if dimVf = 1 for some i then the conformal 
structure is Einstein and we find a characterisation of solutions via the ambient 
metric (cf. Proposition 12 TheoremQ}. In the next, paragraph we will come across 
the case when HoI{u!nc) acts irreducible on IR''+^^*+^. We also obtain the following 
conclusion concerning coclosed nc-Killing forms. 

Corollary 1. Let «_ be a nc-Killing form without zeros on {M,c) such that the 
stabiliser S a decomposes V'^"^'"^^ toVi®V2 with dimVi^2 > 1- Then a- is coclosed 
with respect to the corresponding scaling h x I G c. 



^r+l,s+l ^ ^^Y^ 


scaling of c 


nc-Killing form a_ 


Vi non-degenerate, 


E.e^'g., 


a- =E^"»-> 


dimVi > 1 V z 


gi Einstein 


a- ^ coclosed 


Vi non-degenerate. 


g G c Einstein, 


a- — (3- + J-, 


dimVi = 1 


scalg ^ 


d*(3- ^dj-^0 


undecomposable, 
fixed 1-form 


g £ c Ricci-flat 


a- or da- parallel 


undecomposable, 
fixed p-form, 1 < p < 7i + 1 


non-Einstein 


a- or da- parallel 


irreducible 


non-Einstein 


a- nc-Killing 
d*a- =? 


undecomposable, 
(fixed subspacc with dilation) 


non-Einstein 


non 



Table 1 . Normal conformal holonomy actions, natural scalings of 
the underlying conformal structure and properties of the occurring 
nc-Killing forms thereof. 



We can also understand now that if a nc-Killing form a_ without zeros on a non- 
conformal Einstein space can not be scaled (locally) to a coclosed form then the 
stabiliser Stab{a) of the corresponding twistor acts irreducible or undecomposable 
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on IR''+^'''+^. In case that the space is conformahy Einstein {seal ^ 0) we mentioned 
already that every nc-Kilhng form is the sum of a closed and a coclosed form in the 
Einstein scaling. In Table ^ we give an overview of the situation that we tried to 
explain here. 

9. Solutions in dimension 4 

After the general discussion so far, we want to study in this paragraph solutions 
of the normal twistor equations for differential forms on 4-diinensional Riemann- 
ian and Lorentzian manifolds and their corresponding possible normal conformal 
holonomy groups. 

9.1. The Riemannian case. Let {M'^,g) be an oriented Riemannian 4-space. We 
discuss nc-Killing forms according to their degree. 

First, if there is a normal conformal function /_ — «_ without zero then Af^ is 
a conformal Einstein space. The 1-form 

is parallel. That implicates that for seal > the holonomy HoI{ujnc) of the normal 
conformal connection unc is reduced at least to the subgroup SO (5) of the Mobius 
group SO{l, 5). For negative scalar curvature [seal < 0) the holonomy is reduced to 
a subgroup of S0(l,4). For Ricci-flat spaces the holonomy HoI{ijJmc) is contained 
in the stabiliser of a single lightlike vector in ¥}'^ . 

Next we take a look at the nc-Killing 1-forms. So let a- be a nc-Killing 1-form 
on {M'^,g) with V- — a_ its dual conformal vector field and / — g{V-,V-) the 
square length. We assume for the moment that / has no zero. Then the conformally 
changed metric g = f^^-g has V- as a Killing vector field, i.e., Lv_g = 0. Moreover, 
V- is divergence- free and the dual a^ — -K^a^ is coclosed with respect to g. Now 
there are two possibilities. Either a_ is parallel or it is not closed. In the first case 
one can see from the twistor equations that g is Ricci-flat with a parallel vector, 
i.e., (Af^,5) is (conformally) flat. 

In the latter case we can find locally an orthonormal frame s such that 

a_ = s^ and da^ — h ■ §2 A s^ 

for some local function h. The integrability conditions @ and HlOfl then say that 

si J Wg = and Si J {C{X, F) A a_) = 

for aU X,Y e TM. Moreover, it is 

CgiX,Y) J a_ =0 

by 111|) . which together implies Cg = 0. Therefore, we have Wg{X,Y) o da- = 
for all X and Y, which means that Wg{s2 A Sg) = /c • Sj ^ Sg for some function k 
and Wg(s^ A Sj) = in all other cases. But since trWg = 0, the function k must 
be zero and therefore, it is Wg = 0, i.e., Af^ is conformally flat. Altogether, we can 
conclude that any 4-space admitting a nc-Killing 1-form with or without zeros is 
conformally flat. 

Finally, we have to consider the case when a_ is a nc-Killing 2-form. We assume 
without loss of generality that a^ is selfdual. Moreover, we have seen already that 
if a_ has no zeros, we can also assume that a- is parallel with respect to some 
conformally changed metric g (cf. |Sem01| and paragraph 01 ■ Therefore, g is a 
Kahler metric. There are two cases. First, the metric g is Einstein, which is only 
possible if g is Ricci-flat, i.e., g has holonomy SU(2) or is flat. In the former case 
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the holonomy of ujnc is the stabiHser group Stab{e_ /\ oJq), where cUq denotes the 
standard Kahler form on R^. 

In case that g is not Einstein it is locally up to a constant scaling factor a 
product of the sphere S'^ with the hyperbolic space form H^. The volume forms of 
the factors of this product are the nc-Killing 2-forms. The stabiliser in S0(1, 5) of 
the corresponding twistors is S0(3) x S0(l,2). However, the product S*^ x H^ is 
already conformally flat, i.e., the holonomy HoI{ujnc) is trivial. 

Theorem 3. Let {M*, [g]) be a Riemannian A-space with conformal structure [g] 
and let a_ be a nc-Killing form without zero of arbitrary degree then at least one 
of the following cases occurs (up to a conformal scaling factor) 

(1) deg{a) — and M^ is Einstein, 

(2) deg{a) = 2 and M^ is Ricci-flat and Kahler or 

(3) M^ IS flat. 

In particular, the holonomy group of ojnc for a simply connected space M^ is 
contained in one of the following subgroups of the Mobius group S0(1, 5).' 

S0(5), S0(l,4), Stab{e^_), Stab{e^_ hojo) or {e} . 

Obviously, irreducible representations of subgroups of the Mobius group do not 
occur in the Riemannian case. It is a matter of further investigation, which proper 
subgroups of the stated groups in Theorem|2|can really occur as holonomy groups. 
For example, it is possible that there is a conformal geometry such that Hol{uJiqc) C 
S0(l,4) acts weakly irreducible on IR^'"' with dilation. It is also possible that 
HoI{ujnc) acts weakly irreducible on R^-^ with dilation, although in this case no 
nc-Killing form exists. At least, we can say if HoI{ujnc) has an invariant subspace 
without dilation then the geometry is Einstein or conformally flat. Table |21 gives 
an overview of possible holonomy groups. 



HoI{lunc) sitting in 


(local conformal) geometry [g\ 


nc-Killing form 


S0(5) 


Einstein, seal > 


one function 


S0(l,4) 


Einstein, seal < 


one function 


Stab{el) 


Ricci-flat 


one function 


Stab{e^_ A ujo) 


Ricci-flat, Kahler 


Kahler form 


{e} 


conformally flat 


maximal 


Stab{R ■ e^) 


7 


non 


50(1,5) 


generic case 


non 



Table 2 . Partial holonomy list for the normal conformal connec- 
tion of Riemannian spaces in dimension 4. 



As we mentioned before it is well known that there exits a selfdual nc-Killing 
2-form with zero on the conformal completion of the Eguchi-Hanson metric, which 
is not any longer conformally equivalent to an Einstein metric (cf. [KR,96) ). Nev- 
ertheless, the holonomy HoI{ujnc) in this case is equal to Stab{e^_ A loq). 
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9.2. The Lorentzian case. We turn now to the case of a Lorentzian 4-manifold 

(M^'^,g). We choose the signature ( h ++). If there is a nc-Killing function 

without zero the space M^'^ is conformally Einstein. In case that there is a tinielike 
or spacelike nc-Killing 1-form a_ one can easily show (as in the Riemannian case) 
that M"*'^ is already conformally flat. 

Here in the Lorentzian case we must also take into consideration the case when 
the length / := g{a-,a-) of a nc-Killing 1-form a_ vanishes identically, i.e., the 
dual conformal vector field V- is everywhere null. We consider such a field locally 
and without zeros. Then we can assume that g is scaled such that V- is a Killing 
vector field on Af^'^. There are two possible cases. Either 

q;_ a da_ 7^ 

or this twist 3-form vanishes identically. If it vanishes then V- is parallel in the 
scaling g. In particular, in dimension 4 that means g is a, pp-wave with vanishing 
scalar curvature. The corresponding twistor takes the form e_ A a_ determining a 
totally lightlike plane in R^'*. 

In the other case the twist a- Ada- does not vanish. This case is also well known. 
The underlying metric g is a so-called FefFerman metric (cf. |Fef76| . jGra87| '). 
Equivalently, a Fefferman metric is determined by the existence of a lightlike nc- 
Killing vector field V- with the property 

Ric{V-,V-) = const > . 



HoI{llImc) sitting in 


local conformal geometry [g] 


nc-Killing form 


S0(l,4) 


Einstein, seal > 


one function 


SO(2,3) 


Einstein, seal < 


one function 


Stah{e^_) 


Ricci-flat 


one function 


Stab{e^ Al), 
I null, l±e^_ 


pp-wave 


l-form without twist, 
Rie{V-,V-)=Q 


SU(1,2) 


Fefferman spaces 


1-form with twist, 
Rie{V-,V-) >0 


{e} 


conformally flat 


maximal 


S'ia6(3-form) 


7 


2-form 


undecomposable 
with dilation 


7 


non 


SO(2,4) 


generic case 


non 



Table 3. Possible holonomy groups for the normal conformal 
connection of a Lorentzian space in dimension 4. 



FefFerman spaces are locally constructed as 1-dimensional fibre bundles over strict 
pseudoconvex CR-manifolds {N^, W, J, 7), where the direction of the fibre is that of 
V-, i.e., lightlike, the 2-form da^ is related to the complex structure J : W ^ W 
on the CR-manifold N and the 1-form a+ is related to 7, which is dual to the 
Reeb vector field of the pseudoconvex CR-structure. The normal twistor a in 
n^(M) belonging to a_ takes a very natural form. It corresponds to the standard 
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(pseudo)-Kahler form lUq on R^'^. This implies that the holonomy oiuj^c is included 
in SU(1, 2) for every Fefferman space. The group SU(1, 2) acts irreducible on R'^-'^. 
This characterisation by the holonomy group can be seen as a conformally invariant 
definition for Fefferman spaces. It directly implies that if a Fefferman space has the 
full holonomy group SU(1,2) it is not conformally Einstein. 

Finally, we shortly mention some statements about the situation for nc-Killing 2- 
forms in the Lorentzian setting. The spaces S'^ x H^'^ and H^ x S^'^ have parallel 
and decomposable nc-Killing 2- forms, which are the volume forms of the factors 
in the product. The stabilisers of these are S0(l,2) x S0(l,2) in the first and 
S0(3) X S0(2,l) in the second case. However, these product spaces are again 
conformally flat, i.e., if the holonomy HoI{ujnc) is contained in those stabilisers 
then it is trivial. But there may appear other 3-twistors on a Lorentzian 4-space. 
To investigate this situation, it could be useful to know that there exists a complete 
orbit type classification of the space A'^IR^ of 3-forms under the action of GL(6) (cf. 
|Rei07) . [HitOOp . From these orbit types one can try to calculate the orbit types 
with respect to the action of the structure group SO(2,4). And then one could 
investigate whether further stabiliser groups of those 3-form orbits appear that 
are the holonomy groups to some special normal conformal geometries. In Table 
13 we list the cases for nc-Killing forms and holonomies of ojjvc for a Lorentzian 
4-manifold that we mentioned here in our discussion. 



10. Application to conformal Killing spinors 

The discussion of the normal twistor equations for differential forms so far shows 
that there are methods to describe their solutions and many of their underlying 
geometric structures are well known objects and do occur in the mathematical 
literature as subject to substantial work. We want to use our acquired results to 
study a topic in conformal differential geometry, which itself was subject to various 
investigations during the last 30 years, namely the twistor equation for spinor fields. 
There is a systematic investigation of this twistor equation in Riemannian spin 
geometry (cf. |Lic88j . jBFGKQlj ). However, the origin of the twistor equation for 
spinors was in the theory of General Relativity (cf. |Pen67| . jPR,86j ) and nowadays, 
there has been done considerable work for twistor spinors in the Lorentzian setting, 
too (cf. [BauOOj ■ |BL03j ). The remarkable point of the twistor equation for spinors, 
and this can explain why this equation plays an important role, is the fact that all 
its solutions are automatically normal (in the sense that we used here already). We 
start with recalling the very basic facts about spinors and their twistor equation. 

Let (M", g) be a semi-Riemannian spin manifold of dimension n > 3. We denote 
by S the spinor bundle and hy fj. ■.T*M (^ S ^ S the Clifford multiplication. The 
1-forms with values in the spinor bundle decompose into two subbundles 

T*M®S = V®Tw, 

where V , being the orthogonal complement to the 'twistor bundle' Tw :— Kerfi , is 
isomorphic to S. We obtain two differential operators of first order by composing the 
spinor derivative V"^ with the orthogonal projections onto each of these subbundles, 
the Dirac operator D 

D : r{S) ^ r{T*M (E,S)^ r{S © Tw) ^ r{s) 
and the twistor operator P 

P : T{S) ^ T{T*M ® S) ^ T{S ® Tw) "^ r{Tw). 
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Both operators are conformally covariant. More exactly, iig — e~'^'^g is a conformal 
change of the metric, the Dirac and the twistor operator satisfy 

A spinor field is called conformal Killing spinor if it lies in the kernel of the 
twistor operator P. Alternatively, a spinor field ip^ G r(S') is a conformal Killing 
spinor if and only if 

Vi(^_ + -X • D (^_ = for all vector fields X. 
n 

This is the twistor equation for spinors. A conformal Killing spinor (y9_ with respect 
to g rescales by 

<^_ := e-i/20 . ^_ 

to a conformal Killing spinor with respect to the conformally changed metric g := 
e"^"^ ■ g. Thereby, we use the canonical identification of the spinor bundles over 
{M,g) and {M,g). We say that (p- is conformally equivalent to ip^. 

Obviously, each parallel spinor {\7^(p_ = 0) is a twistor spinor. Another special 
class of twistor spinors are the Killing spinors (p_ , which satisfy the equation 

VxP- = \X -(f^ 

for all X G TM and some fixed A e C \ {0} (this can be seen as corresponding 
notion to Killing differential forms) . The dimension of the space of twistor spinors 
is a conformal invariant and bounded by 

dimkerP < 2 ranks' = 2^^^+^ =: d„. 

If dim ker P ^ dm then (M", g) is conformally flat. Conversely, if (M", g) is simply 
connected and conformally fiat, then dim ker P — dn- 

Now, we focus our attention on the case of Lorentzian signature ( — h . . . +). Let 
{M"',g) be an oriented and time-oriented Lorentzian spin manifold. On the spinor 
bundle S there exists an indefinite non-degenerate inner product (•, •) such that 

{X ■ ip^,ip-) — {ip^,X ■ ip-) and 

x((^_,V_)) - (vi^_,^_}-f((^_,v|7^_), 

for all vector fields X and all spinor fields (p-,ip- (cf. |Bau81 p. Each spinor field 
p^ e T{S) defines a vector field Vip- on M, the so-called Dirac current, by the 
relation 

g{V^.,X):^-{X-ip^,p^) 

for all X e TM. The vector V^p- is causal and future-directed. The zero sets of 
if- and V^p- coincide, i.e., for a non-trivial spinor the associated field is non-trivial. 
(This is a very useful fact specific for Lorentzian geometry.) If p- is a twistor 
spinor, then V^- is a conformal Kilhng field. The dual of V^^ is denoted by a<^_. 
We have the following known geometric structure result for Lorentzian spaces 
with conformal Killing spinors. Thereby, we call a space with a parallel lightlike 
vector field a Brinkmann space. The notion of Fefferman spaces that appeared in 
the preceding section can be extended to every even-dimensional manifold (n > 2) 
(cf. |Gra87| . |Bau98j ). We just say here in short, a Fefferman space (M^™, [g]) is a 
Lorentzian space with a conformal structure such that the normal conformal holo- 
nomy group HoI{ujnc, [g]) sits in SU(1, m). A Lorentzian Einstein-Sasaki structure 
on an odd-dimensional manifold (M^™+^, g) lifts to a Kahler structure on its Ricci- 
flat cone, i.e., the holonomy Holiujisic) sits in SU(l,m), which is itself a subgroup 
of SO(2,2m+l). 
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Proposition 5. /"[ BLOS) ) Let {M",g) be a Lorentzian spin manifold and let ip^ € 
T{S) be a conformal Killing spinor without zeros and let V^„ be its associated vector 
field. 

a) In case that V^_ is lightlike there are exactly two different cases: 

(1) The twist Z-formttp- :— a^p-hda^- vanishes identically andip- is (locally) 
conformally equivalent to a parallel spinor, whose associated lightlike vector 
field defines a Brinkmann space. 

(2) The twist t^- does not vanish and (M"',g) is a Fefferman space. 

b) In case that giV^p-^ Vf-) — const < and (p^ is a Killing spinor (i.e., Dip^ = 
^nXip^) the space {M^,g) is Einstein-Sasaki. 

c) If the length function (</?_,(/?_) has no zero then the metric g can be resettled 
to the Einstein metric g := -r- — \7-y1 ■ g- In particular, there exists at least one 
Killing spinor on (AI,g). 

The results in Proposition |31 do not give a complete answer to the case when 
the associated field V^^ is timelike. It is only mentioned the Einstein-Sasaki case. 
It is our interest to handle the geometric description for all timclike cases of V^_. 
Thereby, both cases that {AI",g) is conformally Einstein resp. is not conformally 
Einstein are possible and of interest. For this purpose we can apply now our results 
from the discussion of normal conformal Killing forms that we have developed in 
the previous paragraphs. That this approach is reasonable is justified by the fact 
that, as we mentioned already, every conformal Killing spinor is normal. We can 
see this in the following way (for arbitrary signature). 

Assume that {M'^,g) is a spin manifold. Then there is a spin Mobius bundle 
on M, which we denote by 2Jtspi„(M). This is a principal fibre bundle with struc- 
ture group Spin(r -|- 1, s -|- 1) and is a double cover of 9Jl(M) respecting the right 
multiplication on the fibres and the natural homomorphism 

A : Spin(r + 1, s + 1) ^ SO(r + 1, s + 1) . 

The normal conformal connection form lonc on 3Jl(A/) lifts to a unique connection 
form on the spin Mobius bundle 'tSlspin{M) . Moreover, this connection form induces 
a covariant derivative V^'-^'^ on the tractor spinor bundle S'an defined by 

Sm '■= '^spin{M) Xp Ar+l,s+l , 

where (A,.+i^s-|_i, p) is the spinor representation in signature (r -I- 1, s -f 1). 

With respect to the metric g, this spinor bundle splits into the sum of two usual 
spinor bundles over {M^,g), Sm = S (B S. The equation V'^'^^p = translates to 

V'^p^+X -ip^ = 

V^^p+-^K(X)-p^ = 0, 

where ip- and ip^ are smooth spinor fields on {M,g). From the two twistor equa- 
tions, it follows that ip^ ~ — ■ Dp^ and the normal twistor equations for spinors 
P- G r(S') take the following form: 

\/lp^ + -X -Dp^ ^ (13) 

n 



VxDp- - T^KiX) • (^_ == . (14) 



n 

2' 

We recognise that the first of the two equations is just the conformal Killing spinor 
equation as introduced before. 

Until now everything works analogous to the normal twistor equations for dif- 
ferential forms. However, it is easy to see that the second equation for spinors is 
implied by the first equation alone, the conformal Killing spinor equation. This is 
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in contrast to the case of differential forms, where the additional normal twistor 
equations are not implicated by the conformal Killing equation. Here for spinors 
we calculate: 

'^^ylv- + 7:s^■ys,D^^ = 0, 

which results to 

R^{sj,St) ■ if- = — s, ■ Vs,.£)(y9_ + -So • VsiDip- . 
n n 

Using that ^j. Sk-R^{si, Sk)<f- — —^Ric{si)ip^ and D^ip- — w^^°A -f-, it follows 
the second twistor equation (|14|l for spinors. 

Theorem 4. Let (Af , c) be a conformal spin space of signature (r, s). The sets 
of conformal Killing spinors f^ G r(5') (i.e., V^(^_ + —X ■ D(p^ ~ Q) and nor- 
mal twistor spinors (p € r(S'grj[) (i.e., V (p — 0) are naturally identified by the 
mapping 

1 

V~ ^ (^ = ( 93_ , - ■ Dip^) . 
n 

In general, a spinor field gives rise to differential forms of degree p. In Lorentzian 
geometry we have already introduced as special case the Dirac current. The general 
construction is as follows. Let (/?_ be a spinor field on {M'^,g). The corresponding 
p-forms a^_ are defined by the relation 

g{al_,XP) := iP(p-^)+^+\xP ■ ^-,</7-) for aU X^ e AP(M) . 

The so defined p-forms are not non-trivial in general. This depends on the given 
spinor. The same method applies to attach tractor {p + l)-forms to some tractor 
spinor ip. Moreover, the tractor forms associated to a twistor spinor are parallel with 
respect to V^*-^, i.e., they are normal twistor forms. The corresponding induced 
nc-Killing forms are just the associated differential forms of the induced conformal 
Killing spinor. We want to direct our attention to the Lorentzian case again. Our 
discussion gives rise to the following corollary to Theorem 0] 

Corollary 2. Let ip^ be a conformal Killing spinor on a Lorentzian spin manifold 
{M",g). Then the Dirac current V^_ is a non-trivial and causal nc-Killing vector 
field. Its dual a^^ is a nc-Killing 1-form. 

This corollary is now our starting point for the geometric description of 
Lorentzian spaces admitting conformal Killing spinors, in particular, those with 
timelike Dirac current. 

We have learned in paragraph [S] that the twistor to an nc-Killing form either 
has an irreducible acting stabiliser on a subspace of codimension or 1 in |R''+i'^+i 
or else, for example in the non-degenerate case, there exists a product metric in 
the conformal class. We want to use this philosophy here and show that the rank 
rk{aip-) of the nc-Killing 1-form a^- to a conformal Killing spinor (^_ determines 
whether or not there is (in the non-degenerate case) a product in the conformal class 
with respect to which the nc-Killing 1-form a^^ restricts to the factors. Thereby, 
the rank rfc(a_) of an arbitrary 1-form «_ is defined to be the unique natural 
number such that 

a„ A (da_ )'■'=("-) 7^0 and a^ A {da^y''^"-'>+^ = . 

We notice that for an nc-Killing 1-form a_ and all natural numbers I it is 

(«'+!)_ = a_ A {da-Y , 
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i.e., the form a_ A {da^Y is itself an nc-Killing form and it corresponds to the 
twistor a'"*"^. 

The next point that is important for our discussion is the fact that there exists a 
complete normal form classification for skew-adjoint cndomorphisms on the pseudo- 
Euclidean space R^'" with signature (2,n) (cf. Bou02 ). These normal forms can 
be written down explicitly and their stabiliser groups in S0(2, n) can be calculated. 
We are interested here in those skew-adjoint cndomorphisms whose stabiliser is 
maximal (in the sense that the stabiliser is not properly contained in the stabiliser 
of any other skew-adjoint operator). The space of skew-adjoint cndomorphisms is 
naturally identified with the space of 2-forms on R^'". We present in the following 
list all normal forms for 2-forms on R^'" with maximal stabiliser and with the 
additional condition that the corresponding skew-adjoint operators map all causal 
vectors again to causal vectors. The latter requirement characterises those 2-forms, 
which are associated to a spinor in the module A2,„ for signature (2, n) (cf. TeiOSj ) . 

(1) li A 1-2 with li and I2 spanning a totally lightlike subspace in R^'"*, 

(2) li A ii with li lightlikc and ti an orthogonal timclikc 1-form to h, 

(3) ujo the standard symplectic form on R^'", 

(4) uJo\v the standard symplectic form on a non-degenerate subspace V of R^'" 
with signature (2,p — 1), where p < n. 

Moreover, we can say that every 2-form a determines a unique normal form with 
maximal stabiliser, which contains Stab{a). 

We use these normal forms in the following way. Let us assume that {M'"-,g) is 
a Lorentzian spin manifold with conformal Killing spinor (p^. The corresponding 
twistor spinor ip e r(S'srr!) is parallel with respect to V^'^'^ and induces a non- 
trivial twistor 2-form aip. The holonomy of the connection wnc lies necessarily in 
the stabiliser belonging to the normal form of the 2-twistor a^. This implies that 
there is a twistor 2-form a on M whose corresponding normal form is one of those 
in the list, since they have maximal stabiliser. Let us discuss the different cases. 

First, we assume that the normal form to a is ^1 AZ2- In this case the correspond- 
ing nc-Killing 1-form is lightlike and hypersurface orthogonal (a^ = 0). We can 
conclude that the underlying conformal structure is represented by a Brinkmann 
metric. However, for the particular case h AI2, one can even show that oi;^ = a (cf. 
|Lei03p . This implies that the twistor spinor ip- is (locally) conformally equivalent 
to a parallel spinor on the Brinkmann space, which induces the lightlike parallel 
vector. In the second case, we can conclude, since a^ = 0, that the underlying 
conformal structure is that of a static spacetime with parallel spinor, i.e., it is 

[g] = [-dt^ + h] , 

where ft, is a Riemannian metric with parallel spinor. The third case of a symplectic 
form ujo is the Fefferman case when the rank of a_ is (n/2) — 1. It remains to 
investigate the forth case when the normal form is the standard symplectic form 
on a proper subspace of R^'". This is exactly the unknown case that we aim to 
describe here. 

So let us assume that {M'^,g) is a simply connected Lorentzian spin manifold 
with a conformal Killing spinor ip^ , whose corresponding twistor spinor ip induces 
a twistor 2-form a^ that has a stabiliser in 

U(l,^)xS0(7i-p+l). 

Then the 1-form a^- is timelike and there exists a 2-twistor a with a restricted 
symplectic form as normal form, which induces a nc-Killing form a_ on M of rank 

p-1 

rk{a) = rk{a^p^) = . 
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In particular, the twistor a^''(°'-)+^ is decomposable of degree p + 1. The corre- 
sponding subspace of R^'" is non-degenerate and we can conclude that there is a 
product metric ft, x Hn [g], where h and I arc Einstein metrics on simply connected 
spin manifolds H^ and L"^^ with dimension p resp. n — p. Moreover, a_ is a 
coclosed nc-Killing 1-form of maximal rank ^^^ on [H, h) , and this implies that h 
is an Einstein-Sasaki metric. In fact, (_ff, h) is a simply connected Einstein-Sasaki 
space admitting a conformal Killing spinor ipH- , which induces the nc-Killing 1- 
form a_. However, the existence of the conformal Killing spinor (^_ should also 
impose a condition on (L, Z), and therefore, it still remains to discuss the geometry 
of the Riemannian Einstein spin manifold (L, I). 

For this we observe the following. The representation R^'" splits into the sub- 
spaces V and W under the projection of the stabiliser group Stab{(p) to S0(2,n). 
On V lives the symplcctic form LUg with signature (2,p — 1). Let Ay and 
Aw denote the spinor modules over V resp. W. As representations spaces of 
Spin(2,p — 1) X Spin(n — p -|- 1), it is 

Ay (g) Aw — A2.n for n odd. 
Ay (g) Aw = AJ„ for n even, 

where A denotes the half spinor modules in even dimensions. The splitting with 
respect to Stab{(p) gives rise to a decomposition of the tractor spinor bundle as 

Srffi = Sv ffi Sw ■ 

We observe now that if we choose the product metric h x I on M = H x L in 
the conformal class [g] then we can naturally identify Sy and Sw with the spinor 
bundles over the cones (H, h) resp. (i, I) restricted to the bases: 

Sv\h — S^jIh and Sw\l — Si\l ■ 

We also know that it holds 

Hol{ujNc) = Hol{h) X Hol{i) . (15) 

Moreover, we have the following general fact. Let p be a representation of a 
product group Gi x G2 and pi , p2 be representations of Gi resp. G2 such that 

P = Pi® P2 ■ 

Then the representation p has a fixed vector if and only if pi and p2 both have 
fixed vectors. In our situation that means the stabiliser Stab(ip) C Spin(2, n) fixes 
a spinor both in Ay and Aw and this proves that we can find parallel spinors on 
the cones H and L. The parallel spinor spinor on H gives rise to the Killing spinor 
ipH~ inducing the Lorentzian Einstein Sasaki structure on H, as we discussed it 
already. And now we can also see that there exists a Killing spinor tpL- on the 
Riemannian Einstein spin space L of positive scalar curvature. The associated 
vector to the spinor ipL- on the Riemannian space L vanishes, since the symplectic 
form u!o lives on V only. All together, this leads us to the following characterisation 
result. Thereby, we say that a conformal Killing spinor if- has no singularities on 
M if it has no zero and the function \\aip_ ||^ = g{oiip_ , oitp_ ) either has no zero or 
is identically zero. 

Theorem 5. Let (p- he a conformal Killing spinor without singularities on a simply 
connected Lorentzian spin manifold {M",g) of dimension n. Let a^- be the dual 
of the Dirac current with rank rk{oiip^) and length Wa^p^W^ . The following cases 
occur. 

(1) It IS 

rk{a^^) = and \\a^^\\^ = Q 
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and then ip^ is locally conformally equivalent to a parallel spinor on a 
Brinkmann space with lightlike Dirac current. 

(2) It is 

rk{aip) — and ||a;p_||^<0 

and then [g] = [—dt^ + h], where h is a Ricci-flat Riemannian metric ad- 
mitting a parallel spinor. 

(3) The dimension n is odd and the rank 

rk{a^^)^ {n~l)/2 

is maximal. Then ip- is conformally equivalent to a Killing spinor on a 
Lorentzian Einstein-Sasaki manifold. In this scaling the Dirac current is 
timelike of constant length. 

(4) The dimension n is even and 

rk{a^_)^ (n-2)/2 . 

Then it is {da^^)"^'"^ ^ and {M,g) is a Fefferman space with twistor 
spinor ip^ and ||ay_|p — 0. 

(5) H IS 

<r/c(a^_) < (n-2)/2 

and then there is a product metric h x I in [g], whereby h is an Einstein- 
Sasaki metric on a Lorentzian space H of dimension p :— 2 ■ rk{a^-) + 1 
admitting a Killing spinor ipH- cind I is an Einstein metric with Killing 
spinor if'L-, whose associated 1-form is trivial, on the Riemannian space 
L with positive scalar curvature scali = — "~pfa"l^r~ scalh. The spinor 
tpH- €5 ipL- G r(S') is a twistor spinor on M with timelike Dirac current 
(of constant negative length in the scaling h x I). 

Wc want to make a remark to the last point of Theorem[5l Indeed, the formula 
(|15|l for the holonomy shows in general that ii g = h x I is a. product metric such 
that h and I admit Killing spinors ipH- and ipL- with Killing numbers Xh = ±*Al 
then the tensor product tpH- <S>tpL- S r(5'^) is a conformal Killing spinor on hxl. 
One can also prove this fact by confirming the twistor equation directly using the 
spinor connection 

However, for this one has to work out carefully the correct identification for an 
appropriate tensor product of the Clifford algebras Cl{l,p—1) or Cl{p— 1,1) with 
Cl{0, n—p+1) or Cl{n~p+1, 0) on the one side and the Clifford algebra CZ(l,ri — l) 
or Cl{n — 1, 1) on the other side. 

11. Further questions and outlook 

We are concerned in this paper with the study of solutions of the normal 
twistor equations in conformal geometry and their relation to the normal con- 
formal holonomy representation. The discussion shows that for decomposable 
and weakly irreducible holonomy representations without dilation the conformal 
geometry of the underlying space of a solution can be described by (products of) 
special geometries on Einstein spaces or at least Ricci-isotropic spaces. Those 
geometric structures are well-known and were subject to substantial work in 
the literature in the past and, therefore, there is considerable knowledge that 
could be applied here for further and more particular interest in those solutions. 
Moreover, there is a well-known case in the literature, which has in our context 
an irreducible normal conformal holonomy representation. We mean the Feffer- 
man spaces in pseudo-Riemannian geometry. However, at this point we already 
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come across a quite natural question that does not seem to have a complete answer. 

What is the geometric structure of a conformal space that has irreducible normal 
conformal holonomy representation? 

Or more general: 

How does the complete list of possible normal conformal holonomy groups look 
like and what kind of conformal structures do they describe ? 

We want to mention two particular examples to illustrate the questions that 
we ask for. First, there is the exceptional group G2 C SO(3,4) in the split case 
of dimension 7. The group SO(3,4) is the Mobius group for a conformal space 
in signature (2,3). The first question then asks for the underlying geometry (and 
their existence) that belongs to a conformal space, which has normal conformal 
holonomy group G^- 

A further example of an interesting holonomy representation according to the 
second (more general) question is the case of a weakly irreducible holonomy group 
with dilation in the Mobius group SO(l,n +1), which then belongs to conformal 
Riemannian geometry. (Those spaces do not have solutions for the normal twistor 
equations.) One can ask this question in the first instance for 3-dimensional Rie- 
mannian space. It seems that a normal conformal holonomy classification even in 
this case is not completely known. 

In general, conformal Killing forms were already introduced and studied in the 
works |Kas68| . |Tac69| . Recently, there was a systematic investigation on this topic 
by U. Semmelmann (cf. |Sem01p . In particular, this work shows the construction 
of a certain Killing connection, with respect to whom all conformal Killing forms 
find an interpretation as parallel sections in a certain differential form bundle. 
(In fact, it is the same bundle as our Mobius form bundle.) It arises now the 
question what properties does this Killing connection have, in particular, which 
structure group is attached to it, and whether this connection is somehow related 
to a conformally invariant connection (e.g. the normal one) on the Mobius frame 
bundle with structure group SO(r + 1, .s + 1). 

An extension of our investigations that leads in a similar direction, as proposed 
for the Killing connection above, is the idea of dropping the normalisation condition 
for our twistor equations and do investigations for more general conformal Killing 
forms. For such an attempt one could ask what conformally invariant connections 
on 9}t(M), that induce the twistor equations, are reasonable to look at? For ex- 
ample, does there always exists a conformal connection with structure group in 
SO(r -I- 1, s -I- 1), which induces appropriate twistor equations to a given conformal 
Killing form, or what other kind of structure groups should be considered. However, 
these ideas are bit loose here for the moment. Nevertheless, there is the question 
whether the existence of a conformal Killing form gives rise to some twistor with a 
certain stabiliser group and some other tensor(s), which describe uniquely the un- 
derlying conformal geometry of a space, and are useful in order to find a systematic 
construction principle for those solutions. 
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